Abstract. We survey recent work on moduli spaces of manifolds with an emphasis on the role played by (stable and unstable) homotopy theory. The theory is illustrated with several worked examples.
Introduction
The study of manifolds and invariants of manifolds was begun more than a century ago. In this entry we shall discuss the parametrised setting: invariants of families of manifolds, parametrised by a base manifold X. The invariants we look for will be cohomology classes in X, characteristic classes.
This article will be structured in the following way.
(i) A brief discussion of the abstract classification theory. The main content here is the precise definition of the kind of families we consider, and an outline of how a classifying space may be constructed. We shall generally use the letter M with various decorations for variants of these classifying spaces, and the letter F with various decorations for the functor it classifies. In parts of this manuscript we shall assume the reader is familiar with standard homotopy theory, including simplicial sets and spectra.
Smooth bundles and their classifying spaces
First, some conventions. By "smooth manifold" we shall always mean a Hausdorff, second countable topological manifold equipped with a maximal C ∞ atlas, and "smooth map" shall always mean C ∞ .
2.1. Smooth bundles. Our notion of "family" of manifolds will be smooth fibre bundle, possibly equipped with extra tangent bundle structure, as follows. If V is a d-dimensional real vector bundle we shall write Fr(V ) for the associated frame bundle, which is a principal GL d (R)-bundle.
Definition 2.1. Let d be a non-negative integer.
(i) A smooth fibre bundle of dimension d consists of smooth manifolds E and X (without boundary) and a smooth proper map π : E → X such that Dπ : T E → π * T X is surjective and the vector bundle T π E = Ker(Dπ) has d-dimensional fibres.
(ii) If Θ is a space with a continuous action of GL d (R), a smooth fibre bundle with Θ-structure consists of a smooth fibre bundle π : E → X, together with a GL d (R)-equivariant map ℓ : Fr(T π (E)) → Θ.
Typical choices of Θ include the terminal one Θ = { * }, and Θ = × = {±1} on which GL d (R) acts by multiplication by the sign of the determinant. In the former case a Θ-structure is no information, and in the latter it is the data of a continuously varying family of orientations of the d-manifolds π −1 (x). Any smooth map f : X ′ → X will be transverse to any smooth fibre bundle π : E → X as above, and the pullback (f * π) : f * E → X ′ is again a smooth fibre bundle. Given a Θ-structure ℓ on π, we shall write f * ℓ for the induced structure on (f * π).
Classifying spaces.
The natural equivalence relation between the bundles considered above is concordance, which we recall.
Definition 2.2. Let π 0 : E 0 → X and π 1 : E 1 → X be smooth bundles with Θ-structures ℓ 0 : Fr(T π0 E 0 ) → Θ and ℓ 1 : Fr(T π1 E 1 ) → Θ.
(i) An isomorphism between (π 0 , ℓ 0 ) and (π 1 , ℓ 1 ) is a diffeomorphism φ : E 0 → E 1 over X, such that the induced map Fr(D π φ) : Fr(T π0 E 0 ) → Fr(T π1 E 1 ) is over Θ. (ii) A concordance between (π 0 , ℓ 0 ) and (π 1 , ℓ 1 ) is a smooth fiber bundle π : E → R × X with Θ-structure ℓ : Fr(T π E) → Θ, together with isomorphisms from (π 0 , ℓ 0 ) and (π 1 , ℓ 1 ) to the pullback of (π, ℓ) along the two embeddings X ∼ = {0} × X ⊂ R × X and X ∼ = {1} × X ⊂ R × X.
Pulling back is functorial up to isomorphism and preserves being concordant.
Definition 2.3. For a smooth manifold X without boundary, let F Θ [X] denote the set of concordance classes of pairs (π, ℓ) of a smooth fibre bundle π : E → X with Θ-structure ℓ : Fr(T π E) → Θ. (Note that X is fixed, but E is allowed to vary.) Theorem 2.4. The functor X → F Θ [X] is representable in the (weak) sense that there exists a topological space M Θ and a natural bijection
1)
where the codomain denotes homotopy classes of continuous maps.
There are various ways to prove this representability statement. In the series [GRW14, GRW18, GRW17] we did this by constructing explicit point-set models in terms of submanifolds of R ∞ .
Instead of repeating what we said there, let us outline an approach based on simplicial sets and the observation that the functor F Θ may be upgraded to take values in spaces, and the natural bijection (2.1) may be upgraded to a natural weak equivalence to the mapping space.
Definition 2.5. Let ∆ • e be the cosimplicial smooth manifold given by the extended simplices ∆ p e = {t ∈ R p+1 | t 0 + · · · + t p = 1}. For a smooth manifold X let F Θ • (X) denote the simplicial set whose p-simplices are all pairs (π, ℓ) consisting of a smooth fibre bundle π : E → ∆ p e × X with Θ-structure ℓ : Fr(T π E) → Θ.
As they stand, these definitions are not quite rigorous: F Θ [X] and F Θ p (X) are not (small) sets for size reasons, and F Θ p (X) is not functorial in [p] ∈ ∆ because pullback is not strictly associative on the level of underlying sets. This may be fixed in standard ways, e.g. by requiring the underlying set of E to be a subset of X × Ω for a set Ω of sufficiently large cardinality. See e.g. [MW07, Section 2.1] for more detail. For the second claim, we take Sing(X) to denote the smooth singular set [p] → C ∞ (∆ p e , M ) and the map (2.2) is then defined by pulling back. To check that it is a weak equivalence one first verifies that both sides send open covers X = U ∪ V to homotopy pullback squares and countable increasing unions to homotopy limits. Hence it suffices to check the case X = R n . Then one checks that both sides send X × R → X to a weak equivalence, so it suffices to check X = { * }, which is obvious.
The third claim follows by combining the first and the second claim and the homotopy equivalence |Sing(X)| → X given by evaluation. Alternatively it may be quoted directly from [MW07, Section 2.4].
The above proof of Theorem 2.4 gives an explicit bijection (2.1). Indeed, an element (π, ℓ) ∈ F 0 (X) gives a morphism of simplicial sets Sing(X) → F Θ • ({ * }) and hence a canonical zig-zag
The map ev : |Sing(X)| → X is a homotopy equivalence, and we may choose a homotopy inverse. For example, a smooth triangulation of X gives such an inverse, which is even a section. The resulting homotopy class of map X → M Θ corresponds to [(π, ℓ)] under the bijection (2.1).
For later purposes, let us explain how a universal fibration π Θ : E Θ → M Θ modelling the bundle π : E → X may be constructed by the same simplicial method. Indeed, let F Θ • (X) be the simplicial set whose p-simplices are triples (π, ℓ, s) where (π, ℓ) are as before and s : ∆ p e × X → E is a section of e, and set
in which both squares are homotopy cartesian, and the top right-hand map is that associated to the data (pr 1 :
Composing with s| ∆ p : ∆ p → E then gives rise to a map of simplicial sets realising to a map E Θ → |Sing(Θ/GL d (R))|. We then apply this with Θ replaced by EGL d (R) × Θ and writing
for the Borel construction (homotopy orbit space) to get a zig-zag
where the last map θ is obtained by taking Borel construction of Θ → { * }.
Slightly less precisely, we shall summarise this situation as a diagram
where the square is homotopy cartesian. The vector bundle classified by the composition
is a universal instance of T π E, and shall be denoted
2.3. Path connected classifying spaces. The bundles classified so far are inconveniently general. For example, we have not made any restrictions on the diffeomorphism type of the fibers of π : E → X. Hence, if e.g. Θ = { * }, the set π 0 (M Θ ) is in bijection with the set of diffeomorphism classes of compact smooth d-manifolds without boundary, a countably infinite set for any d ≥ 0. The homotopy type of M Θ then encodes at once the classification of smooth manifolds up to diffeomorphism and the classification of smooth bundles, because it is the "moduli space" (or "∞-groupoid") of all d-manifolds.
We will often study one path component of M Θ at a time, which corresponds to fixing the concordance class of the fibres of the classified bundles. We introduce the following notation.
Definition 2.7. Let Θ be a space with GL d (R) action, W be a compact d-manifold without boundary and ℓ W : Fr(T W ) → Θ be an equivariant map. Considering this as a family over a point yields a [(W, ℓ W )] ∈ π 0 M Θ , and we shall write
It is a classifying space for smooth fiber bundles π : E → X with structure ℓ : Fr(T π E) → Θ, whose restriction to any point {x} ⊂ X is concordant to (W, ℓ W ).
Remark 2.8. In the special case Θ = { * } the maps ℓ : Fr(T π E) → Θ are irrelevant, and in this case we shall write simply M(W ). This space classifies smooth bundles π : E → X with fibers diffeomorphic to W with no further structure, and we have the weak equivalence 
Characteristic classes
The main topic of this article is the study of characteristic classes of the sort of bundles described above, i.e. the calculation of the cohomology ring of the classifying spaces M Θ (W, ℓ W ). We first recall the conclusions in rational cohomology, which are easier to state and often gives an explicit formula for the ring of characteristic classes.
3.1. Characteristic classes. As before, let B = Θ/ /GL d (R) denote the Borel construction. For a smooth bundle π : E → X with Θ-structure ℓ : Fr(T π E) → Θ, we may form the Borel construction with GL d (R) and obtain a "correspondence", i.e. a diagram
(3.1) We shall let w1 denote the coefficient system on B arising from the non-trivial action of π 0 (GL d (R)) = × on , and let A w1 = A ⊗ w1 for an abelian group A, and we will use the same notation for these coefficient systems pulled back to E along (3.1). Then we have a homomorphism
induced by the rightmost part of (3.1). We also have a "fiber integration" homomorphism
where d is the dimension of the fibres of π. It may be defined e.g. as the composition
in the Serre spectral sequence for the fibration π, or by a Pontryagin-Thom construction as in Section 4.2 below. Given a class c ∈ H d+k (B; A w1 ), we may combine (3.2) and (3.3) and define the Miller-Morita-Mumford classes (or MMM-classes) by the "push-pull formula"
This class is easily seen to be natural with respect to pullback along smooth maps X ′ → X, and in fact comes from a universal class
for any (W, ℓ W ), any A, and any c ∈ H k+d (B; A w1 ), defined by the analogous push-pull formula in the universal instance (2.4).
In the special case k = 0 and X = { * }, the definition of κ c ∈ H 0 (X; A) = A simply reproduces the usual characteristic numbers, c.f. [MS74, §16] . For example, if d = 2n and e comes from the Euler class in
0 (X; Z) = Z is the Euler characteristic of W . Henceforth we shall mostly be interested in the case k > 0.
If A = is a field, we may combine with cup product to get a map of graded rings
4) whose domain is the free graded-commutative -algebra on symbols κ c , one for each element c in a chosen basis.
3.2. Genus. All of our results will hold in a range of degrees depending on genus, a numerical invariant that we first introduce.
Assume that d = 2n and let a GL 2n (R)-space Θ be given. We shall assume that n > 0 and that the homotopy orbit space Θ/ /GL 2n (R) is connected, i.e. that π 0 (GL 2n (R)) = × acts transitively on π 0 (Θ). The genus will be defined in terms of the manifold obtained from S n × S n by removing a point, which plays a special role in this theory. Up to diffeomorphism this manifold may be obtained as a pushout
where the embeddings are induced by a choice of coordinate chart R n ֒→ S n . Following [GRW18, Definition 1.3] a Θ-structure on S n × R n shall be called admissible if it "bounds a disk", i.e. is (equivariantly) homotopic to a structure that extends over some embedding S n × R n ֒→ R 2n . Note that this is automatic if π n (Θ) = 0 for some basepoint. A structure on S n × S n \ { * } is admissible if the restriction to each piece of the gluing (3.5) is admissible.
Definition 3.1. Assume d = 2n > 0 and that W is connected. The genus g(W, ℓ W ) of a Θ-manifold (W, ℓ W ) is the maximal number of disjoint embeddings j :
This appeared as [GRW18, Definition 1.3]. For example, when n = 1 and Θ = π 0 (GL 2 (R)) = Z × , this is precisely the usual genus of an oriented connected 2-manifold.
In Section 3.4 below we will explain how to determine a lower bound on the number g(W, ℓ W ) in terms of more accessible invariants.
3.3. Main theorem in rational cohomology. The main results of [GRW14, GRW18, GRW17] imply that the ring homomorphism homomorphism (3.4) is often an isomorphism in a range of degrees when = Q. We explain the statement. 
3.4. Estimating genus. To apply Theorem 3.3 we must calculate the invariant g(W, ℓ W ), or at least be able to give useful lower bounds for it. This section explains a general such lower bound, under the assumptions that d = 2n > 4, and that the homotopy orbit space B = Θ/ /GL d (R) is simply-connected. We may then choose an equivariant map Θ → × by which any Θ-structure induces an orientation, and we shall assume given such a map.
There is an obvious upper bound for g(W, ℓ W ): it is certainly no larger than the number of hyperbolic summands in H n (W ; ) equipped with its intersection form. For odd n this is in turn no more than b n /2 and for even n it is no more than min(b 
with c = 1 + e, where e is the minimal number of generators of the abelian group H n (B; ). If n ∈ {3, 7} one may take c = e.
Remark 3.5. Let us briefly point out that the estimate (3.6) may be expressed using characteristic numbers. Indeed, writing
where χ(W ) = W e(T W ) is the Euler characteristic and σ(W ) = W L(T W ) is the signature (where we write σ(W ) = 0 when n is odd).
General versions of main results
For some purposes, the rational cohomology statement in Theorem 3.3 suffices, but there are several homotopy theoretic strengthenings and variations given in [GRW17] , which we now explain.
4.1. Stable homotopy enhancement. To state a more robust version of Theorem 3.3 above, we must first introduce a space 
inducing an isomorphism in integral homology onto the path component it hits, in degrees
The statement proved in [GRW17] is in fact stronger: the map α induces an isomorphism in homology with local coefficients in degrees up to (g(W, ℓ W ) − 4)/3. We say that the map is acyclic in this range of degrees. (The induced map in π 1 is of course far from an isomorphism.) Remark 4.2. Let us also briefly recall why Theorem 3.3 is a consequence of Theorem 4.1: under the Thom isomorphism
and represent each basis element by a spectrum map M T Θ → Σ k HQ, we obtain
which induces isomorphisms in rational homology and hence in rationalised homotopy in positive degrees, at least if each B k is finite in which case the product in the codomain may be replaced by the wedge. It follows that the induced map of infinite loop spaces
induces an equivalence in rationalised homotopy groups in positive degrees, hence in rational cohomology when restricted to any path component of its domain. 
is pulled back to T W . By passing to Thom spectra of inverse bundles one gets a map
in the stable homotopy category. (ii) If W is a closed manifold there is a canonical map
which is Spanier-Whitehead dual to the canonical map
The actual map of spectra depends on certain choices, but in the right setup these choices form a contractible space. (For example, one may choose an embedding W ֒→ R ∞ and get the map (4.3) by the Pontryagin-Thom collapse construction.) If W is a smooth closed d-manifold and ℓ W : Fr(T W ) → Θ is an equivariant map, we may compose (4.3) and (4.2) to get a map of spectra
We shall write α(W, ℓ W ) ∈ Ω ∞ M T Θ for this point, and write
for the path component containing α(W, ℓ W ). This is the path component that the map (4.1) lands in. The map (4.1) is given by a parametrised version of this construction: given a family (π : E → X, ℓ : Fr(T π E) → Θ) as in Definition 2.1 over some base manifold X, it associates a continuous map α : X → Ω ∞ M T Θ. Said differently, it comes from a composition of spectrum maps, the parametrised analogues of (4.3) and (4.2) respectively, Σ
In any case, (4.1) is a universal version of this construction.
Remark 4.3. Applying spectrum homology and the Thom isomorphism to the first map in (4.4), we get precisely the fibre integration homomorphism (3.3), while the second gives (3.2). This explains the connection to the characteristic classes in Section 3.1.
Remark 4.4. There is an improvement to Theorem 4.1, in which the domain of (4.1) is replaced by a disconnected space M Θ n containing M Θ (W, ℓ W ) as one of its path components, cf. Section 4.4 below and [GRW17, Section 8]. In this improved formulation, the number g(W, ℓ W ) ∈ N appearing in Theorem 4.1 is replaced by a function If we write χ : π 0 (M T Θ) → and σ : π 0 (M T Θ) → be the homomorphisms arising from the Euler class and (for even n) the Hirzebruch class, then (3.7) defines a function g a :
In terms of this function, the estimate (3.6) also holds forḡ Θ .
4.3. General tangential structures. The requirement in Theorems 3.3 and 4.1 that ℓ W : Fr(T W ) → Θ be n-connected appears quite restrictive at first sight. For example, it usually rules out the interesting special cases Θ = { * } and Θ = {±1} from Remark 2.8, so that the cohomology of BDiff(W ) and BDiff or (W ) are not immediately calculated by Theorem 4.1.
A more generally useful version of Theorem 4.1, which holds without the connectivity assumption, may be deduced by a rather formal homotopy theoretic trick, based on the observation that the map (4.1) is functorial in the GL d (R)-space Θ.
In particular, any map Θ → Θ induces a self-map of Ω ∞ M T Θ. The following result is [GRW17, Corollary 1.9]. 
i.e. a factorisation where u is n-co-connected equivariant fibration and ℓ W is an nconnected equivariant cofibration, and write hAut(u) for the group-like topological monoid consisting of equivariant weak equivalences Θ → Θ over Λ. This topological monoid acts on Ω ∞ M T Θ, and there is a continuous map
which, when regarded as a map onto the path component it hits, induces an isomorphism in homology with local coefficients in degrees ≤ (g(W, λ W ) − 4)/3, and if Θ is spherical it induces an isomorphism in integral homology in degrees
We emphasise that the homotopy orbit space is formed in the category of spaces, not of infinite loop spaces (there is a comparison map (
but it is not a weak equivalence and we shall not need its codomain). Equivariant factorisations (4.5) always exist, and are unique up to contractible choice.
Let us also point out that the group π 0 (hAut(u)) likely acts non-trivially on π 0 (M T Θ). The construction of the map (4.6), outlined in Section 4.4 below, together with the orbit-stabiliser theorem, lets us re-write the relevant path component of the codomain of (4.6) in the following way, which is how the theorem above is typically used in practice. 
) which induces an isomorphism on homology in a range, as in Theorem 4.5.
Remark 4.7. In both Theorem 4.5 and Corollary 4.6 above, the range is expressed in terms of g(W, λ W ) but as explained in [GRW17, Lemma 9.4] this is equal to g(W, ℓ W ) when λ W is factored equivariantly as an n-connected map ℓ W : Fr(T W ) → Θ followed by an n-co-connected map u : Θ → Λ. Hence the estimates in Section 3.4 apply, when e is the minimal number of generators for the abelian group H n (Θ/ /GL 2n (R)). The value of e likely depends on the map λ W : Fr(T W ) → Λ, even if W and Λ are fixed.
Remark 4.8. The fact that u is n-co-connected implies that hAut(u) is an (n − 1)-type. Hence it is in some sense a finite problem to determine and describe hAut(u): finitely many homotopy groups π 0 , . . . , π n−1 and finitely many k-invariants.
This finiteness is one of the conceptual advantages of our approach to M(W ) ≃ BDiff(W ), over the more classical method which at first gives a formula for the structure space S(W ) ≃ G(W )/ Diff(W ), where G(W ) is the monoid of homotopy equivalences from W to itself and Diff(W ) is the block diffeomorphism group. In that method, one subsequently has to study the difference between Diff(W ) and Diff(W ), but also has to take homotopy orbits by the monoid G(W ) of homotopy automorphisms of W . While this last step is in some sense "pure homotopy theory", it is in practice very difficult to get a good handle on G(W ), even when W is relatively simple and even when one is working up to rational equivalence. See the work of Berglund-Madsen [BM13, BM14] for a recent example.
4.4. Two fiber sequences. In [GRW17, Section 9], Theorem 4.5 is deduced from the special case given in Theorem 4.1 by a rather formal argument: the homology equivalence in Theorem 4.1 is natural in the GL 2n (R)-space Θ, and hence induces a homology equivalence by taking homotopy colimit over any diagram in GL 2n (R)-spaces; in particular one may form homotopy orbits by hAut(u : Θ → Λ), and Theorem 4.5 is deduced by identifying the resulting map of homotopy orbit spaces with (4.6). The two fiber sequences arising from these homotopy orbit constructions, see diagram (4.8) below, are important for carrying out calculations in concrete examples, and hence we recall this story in slightly more detail.
Definition 4.9. Let u : Θ → Λ be an equivariant n-co-connected fibration.
(
Λ be the union of those path components consisting of (W, λ W : Fr(T W ) → Λ) for which λ W admits a factorisation through an n-connected
There is an obvious forgetful map M Lemma 4.10. The map (4.7) is a weak equivalence. Hence there is an induced fibre sequence of the form
.2 commutes with the actions of hAut(u) and induces a map of fibre sequences Remark 4.11. This formulation has content even at the level of path components. Suppose that W is a simply-connected 2n-manifold for 2n ≥ 6, ℓ W : Fr(T W ) → Θ is n-connected, and g(W, ℓ W ) ≥ 3. If (W ′ , ℓ W ′ ) is another such Θ-manifold and We have already seen definitions which may be stated more directly in terms of (B, θ) than of (Θ, action), e.g. the characteristic classes κ c from Section 3.1. The constructions in Theorem 4.5 form another such example, let us explain this. Given Λ and λ W as in the theorem, set B ′ = Λ/ /GL d (R). Up to contractible choice, λ W induces a map W → B ′ , which one then Moore-Postnikov factors as
into an n-connected cofibration followed by an n-co-connected fibration. In this picture, hAut(u) is simply the group-like monoid of self-maps of B over B ′ which are weak equivalences. For this to have to the correct homotopy type B should be fibrant and cofibrant in the category of spaces over B ′ .
4.6. Boundary. A further generalisation, also proved in [GRW17, Section 9], allows the compact manifolds W to have non-empty boundary. The boundary should then be a closed (2n−1)-manifold P , which should be equipped with an equivariant map ℓ P : Fr(ε 1 ⊕ T P ) → Θ. The pair (P, ℓ P ) should be fixed and every compact 2n-manifold in sight should come with a specified diffeomorphism ∂W ∼ = P compatible with a structure ℓ W : Fr(T W ) → Θ.
In terms of classified bundles as in Sections 2.1 and 2.2, F Θ
• should be replaced with the functor F Θ,P,ℓP • whose value on a smooth manifold X (without boundary, possibly non-compact) has 0-simplices the smooth proper maps π : E → X equipped with equivariant maps ℓ : T π E → Θ and a diffeomorphism ∂E = X × P such that the restriction of ℓ to T π E| ∂E = X × T P is equal to the map arising from ℓ P .
This kind of bundle also admits a classifying space, denoted N Θ (P, ℓ P ) and called the moduli space of null bordisms of (P, ℓ P ). The subspace defined by the condition that ℓ W : Fr(T W ) → Θ be n-connected is denoted N Θ n (P, ℓ P ) and is the moduli space of highly connected null bordisms. The path component of
, as before. Notice that (P, ℓ P ) is determined by P = ∂W and ℓ W by restricting ℓ W to T W | P ∼ = ε 1 ⊕ T P . These classifying spaces are introduced in [GRW17, Definition 1.1] using a similar notation. 
where Ω α(P,ℓP ),0 denotes the space of paths starting at a certain point α(P, ℓ P ) ∈ Ω ∞−1 M T Θ and ending at the basepoint, with the following property. When restricted to the path component containing a particular (W, ℓ W ), it is a homology equivalence onto the path component it hits, in degrees up to (g(W, ℓ W ) − 4)/3 and possibly with twisted coefficients. If in addition Θ is spherical, then (4.10) induces an isomorphism in homology with constant coefficients in degrees up to
Both the point α(P, ℓ P ) and the map (4.10) are constructed by the procedure in Section 4.2. If the codomain of (4.10) is non-empty, it is of course non-canonically homotopy equivalent to Ω ∞ M T Θ, but the map most naturally takes values in the path space. In the special case P = ∅ we have N Θ n (∅) = M Θ n , and the map (4.10) is the same as the map appearing in (4.8).
As in Section 4.4, a version for a general tangential structure Λ may be deduced by taking homotopy orbits with respect to the monoid
provided ℓ P : Fr(ε 1 ⊕ T P ) → Θ is an equivariant cofibration and u : Θ → Λ is an equivariant n-co-connected fibration, as can be arranged. Homotopy equivalently, factor the induced map W → B ′ = Λ/ /GL d (R) as an n-connected cofibration W → B followed by an n-co-connected fibration B → B ′ , and define hAut(u rel P ) as the homotopy equivalences of B over B ′ and under P . We formulate the conclusion.
Theorem 4.13. Let n, d, Λ and λ W : Fr(T W ) → Λ be as in Theorem 4.5, but allow W to be a compact manifold with boundary P = ∂W . Let Θ, ℓ W , and u be as in Theorem 4.5, and ℓ P denote the restriction of ℓ W to P . Then there is a map
which, when regarded as a map onto the path component which it hits, induces an isomorphism in homology in a range of degrees, exactly as in Theorem 4.5.
This is [GRW17, Theorem 9.5], and the three lines following its proof. The relevant path component may again be re-written using the orbit-stabiliser theorem, as in Corollary 4.6.
There are no connectivity assumptions imposed on ℓ P : Fr(ε 1 ⊕ T P ) → Θ, but if it happens to be (n − 1)-connected then the monoid hAut(u rel P ) is contractible. More generally we have the following.
Lemma 4.14. If the pair (W, P ) is c-connected for some c ≤ n−1, then the monoid hAut(u rel P ) is a (non-empty) (n − c − 2)-type. In particular, it is contractible if (W, P ) is (n − 1)-connected.
A familiar special case of this observation is the fact that if a diffeomorphism of an oriented surface with non-empty boundary is the identity on the boundary, then the diffeomorphism is automatically orientation preserving.
Proof. As before, let us write B = Θ/ /GL d (R) and B ′ = Λ/ /GL d (R). We are then asking for homotopy automorphisms of B over u : B → B ′ and under P ⊂ B. By adjunction, to give a nullhomotopy of a map f : S k → hAut(u rel P ) is to solve the relative lifting problem
The map P → B is c-connected because both P → W and W → B are (the latter is even n-connected). Thus the pair
is (c + k + 1)-connected. But the map u : B → B ′ is n-co-connected, so there are no obstructions to solving this lifting problem if c + k + 1 ≥ n, i.e. k ≥ n − c − 1. This proves that hAut(u rel P ) is an (n − c − 2)-type, and it is non-empty because it contains the identity map.
Remark 4.15. Formulating a statement which is valid for manifolds with non-empty boundary is not purely for the purpose of added generality: it is essential for the strategy of proof in all three papers [GRW14] , [GRW18] , [GRW17] . For example, the homological stability results in [GRW18] are proved by a long handle induction argument, in which a compact manifold is decomposed into finitely many handle attachments; even if one is mainly interested in closed manifolds, this process will create boundary. Similarly, an important role in both [GRW14] and [GRW17] is played by cobordism categories as studied in [GMTW09] , whose morphisms are manifolds with boundary and composition is gluing along common boundary components.
4.7. Fundamental group. The main theorem in either of the three forms given above (Theorems 3.3, 4.1, and 4.5) assumed the manifolds W were simply-connected, but in fact it suffices that the fundamental groups π = π 1 (W, w) be virtually polycyclic, i.e. has a subnormal series with finite or cyclic quotients. In this case the Hirsch length h(π) is the number of infinite cyclic quotients in such a series. The only price to pay is that the ranges of homology equivalence become offset by a constant depending on h(π): the homology isomorphisms Theorems 4.1 and 4.5 hold in degrees ≤ (g(W, ℓ W ) − (h(π) + 5))/2 with integral coefficients if Θ is spherical, and in degrees ≤ (g(W, ℓ W ) − (h(π) + 6))/3 with local coefficients. This generalisation was established by Friedrich [Fri17] .
For arbitrary π there is a sense in which the theorems hold in "infinite genus": certain maps become acyclic after taking a colimit over forming connected sum with S n × S n infinitely many times. In this form the assumption 2n > 4 is also unnecessary. See [GRW17, Sections 1.2 and 7] for the statement and proof. 4.8. Outlook. We have attempted to give an overview of the methods developed in [GRW14] , [GRW18] , [GRW17] , with an emphasis on the main results from there as they may be applied in calculations in practice. This is by no means a survey of everything known, let us briefly mention some recent developments and applications that we have not covered: (i) These results-in the form of the calculation described in Theorem 5.1 belowhave been used by Weiss [Wei15] to prove that p n = e 2 ∈ H 4n (BSTop(2n); Q) for large enough n. These methods were later used by Kupers [Kup16] [BM14] . At present their results seem to be qualitatively quite different from the results described here.
Rational cohomology calculations
5.1. The manifolds W g,1 . Recall that we write W g = g(S n × S n ) for the g-fold connected sum, and
of a map classifying the tangent bundle of W g,1 has the cofibration ℓ Wg,1 n-connected and the fibration θ n-co-connected. As W g,1 is (n − 1)-connected and the map τ Wg,1 is nullhomotopic-because W g,1 admits a framing-we may identify θ with the n-connected cover of BO(2n), which we write as
As the pair (W g,1 , ∂W g,1 ) is (n − 1)-connected, by Lemma 4.14 we find that hAut(θ or n , ℓ ∂Wg,1 ) is contractible. Thus by Theorem 4.13 there is a map α :
which is a homology equivalence onto the path component which it hits, in degrees * ≤ g−3 2 , as long as 2n ≥ 6. The rational cohomology of a path component of Ω ∞ M T θ n is calculated as described in Remark 4.2, in terms of H * (BO(2n) n ; Q). To work this out we identify BO(2n) n = BSO(2n) n . As
is a free graded-commutative algebra the effect of taking the n-connected cover on cohomology groups is a simple as possible: it simply eliminates all free generators of degree ≤ n. Thus
. . , p n−1 ]. Combining all the above, we obtain the following.
Theorem 5.1. For 2n ≥ 6, let B denote the set of monomials in the classes e,
is an isomorphism in degrees * ≤ as in the previous section, this tangential structure is also the Moore-Postnikov n-stage of the map classifying the tangent bundle of W g . By Theorem 4.5 there is a map α :
n ) which induces an isomorphism on homology, onto the path component which it hits, in degrees * ≤ g−3 2 as long as 2n ≥ 6. In order to calculate the rational cohomology of M or (W g ) in a range of degrees we could try to calculate the rational cohomology of the relevant path component of (Ω ∞ M T θ n )/ /hAut(θ or n ), but instead we will use the fibre sequence (4.9). Choosing a θ n -structure ℓ Wg on W g , this is a fibre sequence
As ℓ Wg : W g → BO(2n) n is n-connected, we may apply Theorem 3.3, giving that
is an isomorphism in degrees * ≤ g−3
2 . All the classes κ c are defined on the total space M or (W g ) of the fibration (5.1), which implies that this fibration satisfies the Leray-Hirsch property in the stable range. Thus the Leray-Hirsch map
is an isomorphism in degrees * ≤ 
in terms that we understand. Proof. If we fix a basepoint * ∈ BO(2n) n , which identifies the fibre through * with SO[0, n − 1], then there is a map
and it is clear that ev • ι is the identity. Thus it is enough to show that ev is a weak homotopy equivalence. Suppose we are given a map (f, g) :
). This determines a relative lifting problem
and finding a nullhomotopy of (f, g) is the same as solving this relative lifting problem. The obstructions for doing so lie in the groups
but these groups are zero if i − k ≤ n or if i ≥ n, so always vanish.
In particular, the submonoid hAut(θ
is in fact the whole of hAut(θ or n ), so we may identify the cohomology of its classifying space with 
commutes up to homotopy.
) denote the path component of the fibration modelling the universal W g -bundle with θ n -structure, which as in (2.4) comes with maps
whose composition classifies the (oriented) vertical tangent bundle. This gives a commutative square
of hAut(θ or n )-spaces and hAut(θ or n )-equivariant maps. Taking homotopy orbits, and replacing the spaces at each corner with homotopy equivalent models, we obtain the homotopy commutative square Now we may calculate as follows: by this lemma we have
and so by the projection formula (and commutativity of the cup product)
and hence, for χ(W g ) = 2 + (−1) n 2g = 0, we have ξ * (p i ) = 1 χ(Wg ) κ epi . Combined with the previous discussion, we obtain the following.
Theorem 5.4. Let B denote the set of monomials in the classes e, p n−1 , p n−2 , . . . , p ⌈ n+1 4 ⌉ , and C denote the set of the remaining Pontryagin classes p 1 , p 2 , . . . , p ⌊ n 4 ⌋ . Then the map
is an isomorphism in degrees * ≤ (g − 3)/2.
Note that we do not assert that κ c = 0 for monomials c ∈ B⊔e·C. Indeed a further consequence of the homotopy commutativity of (5.4) is the following description of κ c for a general monomial c = e i ·p 
where we write k = ⌊ n 4 ⌋. This follows immediately from the observation that
is a smooth hypersurface, determined by a homogeneous complex polynomial of degree d, then it is an observation of Thom that its diffeomorphism type depends only on the degree d, and not on the particular polynomial: we call the resulting 2r-manifold V d . As we shall explain in Section 5.3.2, these interesting manifolds naturally tend to have large genus. More generally, for smooth complete intersections of such hypersurfaces the diffeomorphism type depends only on the degrees, and much is understood about the classification up to diffeomorphism of such manifolds in terms of these degrees, by Libgober-Wood [LW82] , Kreck [Kre99] , and others.
We shall explain the theory above in the non-trivial example of a hypersurface (ii) Determine the Moore-Postnikov 3-stage V d
in the stable range. It turns out to be the Q-algebra
where B is the set of monomials in classes p 1 , p 2 , and e of degree |p 1 | = 4, |p 2 | = 8, and |e| = 6, and t is a class of degree 2. (iv) Use the spectral sequence arising from Corollary 4.6 to determine the coho- 
and hence by Poincaré duality we have
) and hence as complex vector bundles we have
. We can therefore extract
and so compute the Euler characteristic of
We therefore find that
, which finishes our calculation of the cohomology of V d .
For later use we record two further characteristic classes of V d , namely
obtained from the identities w 2 ≡ c 1 mod 2 and p 1 = c 2 1 − 2c 2 among characteristic classes of complex vector bundles.
5.3.2.
Genus of V d . The genus of V d may be estimated from below by the methods of Section 3.4, but in this case it turns out that an exact formula is possible. It is a theorem of Wall [Wal66] that any simply-connected smooth 6-manifold W has a decomposition W ∼ = M #g(S 3 × S 3 ) with H 3 (M ; Z) = 0, and so the genus of such a W is given by half its third Betti number. Thus we have
Similar formulae are known for higher dimensional smooth complex complete intersection varieties, see e.g. 
The analogue of the calculation above gives
(1+dx) ) and hence we have χ(
If n is odd then by the discussion in Section 3.4 we have
If n is even, then the analogous calculation with the total Hirzebruch L-class gives that
, where B i denote the Bernoulli numbers. Hence, by the discussion in Section 3.4, we have
The term
does not matter much for large n: the fact that the Taylor series for tanh(z) has convergence radius π/2 implies that that term is asymptotically smaller than (2/π) n+ε as n → ∞, for any ε; in particular it quickly becomes much smaller than 1. In the relevant cases n ≥ 4 it is at most 2/15.
for the Moore-Postnikov 3-stage of a map τ classifying the oriented tangent bundle of V d , so ℓ V d is 3-connected and θ d is 3-co-connected. From this we easily calculate the homotopy groups of B d , as
To understand the map θ d on homotopy groups, it remains to understand the composition
The latter group is detected by the Stiefel-Whitney class w 2 , so this map is nonzero if and only if the class BSO(6).
It may be directly checked using the above calculations that the map f induces an isomorphism on all homotopy groups, so is a weak equivalence (over BSO(6)).
If d is odd then we have w 2 (θ * d γ) = 0, so we may choose a Spin-structure on the bundle θ * d γ, which provides a commutative diagram
BSpin (6) BSO(6).
It may be directly checked using the above calculations that the map h × t : B d → BSpin(6) × K(Z, 2) induces an isomorphism on all homotopy groups, so is a weak equivalence (over BSO(6)).
In either case, the map
is a rational homotopy equivalence (over BSO(6)), so we have
Writing as in the previous examples B for the set of monomials in p 1 , p 2 , and e, by Theorem 3.3 the map
is an isomorphism in degrees * ≤
, establishing (5.5).
5.3.4. Change of tangential structure. We wish to use the above to compute the rational cohomology of M or (V d ) in a range of degrees, so must analyse the forgetful map
We will do this in two stages, given by the maps of tangential structures
BSO(6).
The space of θ d -structures on V d refining the µ-structure u • ℓ V d is homotopy equivalent to the space of lifts
and π 0 (hAut(u)) acts on the set of homotopy classes of such lifts. If G ≤ hAut(u) is the submonoid of those path components which preserve the
By the discussion in Remark 4.11,
and this fibration sequence is an instance of (4.9).
As we have seen above, the map u is a rational homotopy equivalence, and it is immediate from this that π i (hAut(u)) ⊗ Q = 0 for i > 0, so G has no higher rational homotopy groups.
We claim that π 0 (G) is also trivial, and in fact we will show that π 0 (hAut(u)) is trivial (so G = hAut(u)). To see this, let φ ∈ hAut(u), and we must then show that the following lifting problem admits a solution:
By consideration of the cases B d = BSpin c (6) and B d = BSpin(6) × K(Z, 2), we see that the homotopy fibre of u is a K(Z/2, 1), so there is a unique obstruction to finding the required lift, lying in
It follows that BG is simply-connected and has trivial higher rational homotopy groups, so
is a rational homotopy equivalence. Analogously to the above, if H ≤ hAut(µ) is the submonoid of those path components which preserve the µ-structure u•ℓ = τ ×t up to orientation-preserving diffeomorphism of V d , then there is a fibration sequence
Again, by Remark 4.11,
, and this fibration sequence is an instance of (4.9). As the fibration µ is trivial, we have
The non-trivial path component of this monoid acts on H 2 (BSO(6) × K(Z, 2); Z) = Z{t} as −1, but any orientation-preserving diffeomorphism of V d fixes t 3 ∈ H 6 (V d ; Z) so acts as +1 on H 2 (V d ; Z) = Z{t}. Thus the non-trivial path component of hAut(µ) does not lie in H, so H ≃ K(Z, 2). Thus the fibration sequence is of the form
The Serre spectral sequence for this fibration, in rational cohomology, has two columns and so a single possible non-zero differential. In the stable range, using the above, it has the form
It remains to determine the d 3 -differential, which by the Leibniz rule is done by the following lemma.
Lemma 5.6. We have d 3 (κ t n c ) = ι 3 ⊗ n · κ t n−1 c .
Proof. We have d 3 (κ t n c ) = ι 3 ⊗ x for some x. The action map
classifies the following data: the V d -bundle
pulled back by projection to the second factor, equipped with the µ-structure
where τ is given by projection to
The class x is related to this action by the formula
Using the description above we calculate a * (κ t n c ) as
and the Künneth factor in
It follows that x = n · κ t n−1 c , as required.
It follows from this lemma that the differential d 3 is a surjection from the first column to the third column, so that
, establishing (5.6). It may at first appear that this ring does not depend on d, but this formula is to be understood carefully. If |κ t n c | = 2 then d 3 (κ t n c ) ∈ Q is a scalar, and must be evaluated: this is a boundary condition for the derivation d 3 , and is a characteristic number of V d . The κ t n c of degree 2 are given by the t i c of degree 8, so are p 2 , p 2 1 , te, t 2 p 1 , and t 4 , and these have
For the penultimate one we use the calculation of the first Pontryagin class of
is 4-dimensional and is spanned by the classes
Proof. The proof of the previous lemma shows that if ℓ and ℓ ′ are two θ-structures on M g then there is a unique obstruction to them being homotopic, namely
We therefore see that ℓ Mg and c • ℓ Mg , where c is the involution of BSpin c (6) over BSO(6), are not fibrewise homotopic as the obstruction is 2ℓ in a stable range, this time subject to the boundary conditions
However, now the Serre spectral sequence for the middle column gives the calculation
in a stable range, where the invariants are taken with respect to the involution t → −t. Let us explain something of the structure of this ring in low degrees. In particular, we shall see that unlike the previous examples it not a free graded-commutative algebra, even in the stable range where our formulae apply. Before taking × -invariants, in degree 2 the kernel is spanned by {κ p2 , κ p 2 1 , κ t 2 p1 , κ t 4 }, and these classes are all fixed by the involution, giving
In degree 4 the kernel of d 3 is 16 dimensional, spanned by the 10-dimensional vector space Sym 2 (Q{κ p2 , κ p 2 1 , κ t 2 p1 , κ t 4 }) along with the classes
te − (4 − 2g)κ t 2 e . Of these, the last two classes are invariant under the involution while first four are anti-invariant, and hence
In higher degrees, we find that even though, for example, the class κ te κ p2 − (4 − 2g)κ tp2 is not invariant under the involution, its square is invariant and therefore defines a class in H 8 (M or (M g ); Q). Similarly with products of any two classes which are anti-invariant and in the kernel of d 3 . In degree 16 we find the relation
among squares of classes of degree 8, showing that the ring is not free.
Abelianisations of mapping class groups
The results surveyed above may also be used for calculations in integral homology and cohomology. As an example, we shall survey the calculation in [GRW16] of H 1 (M(W g,1 ); Z), and describe analogous calculations for certain non-simply connected 6-manifolds.
Recall that for a manifold W , possibly with boundary, its mapping class group is
Equivalently, it is the fundamental group of BDiff ∂ (W ), so by the Hurewicz theorem we may identify its abelianisation as Γ ∂ (W )
6.1. The manifolds W g,1 . We return to the 2n-manifolds W g,1 of Section 5.1. Just as in that section, there is a map
which for 2n ≥ 6 is a homology isomorphism in degrees ≤ g−3 2
onto the path component which it hits. In particular, as long as g ≥ 5 we have isomorphisms
, using that all path components of Ω ∞ 0 M T θ n are homotopy equivalent, that the Hurewicz map is an isomorphism as this space is a loop space, and that π 1 of the space Ω ∞ 0 M T θ n is the same as that of the spectrum M T θ n . In [GRW16] we attempted to calculate this group, at least in terms of other standard groups arising in geometric topology. Here we will summarise the results and general strategy of that paper, though we refer there for more details.
To state the main result, consider the bordism theory Ω n * associated to the fibration BO n → BO given by the n-connected cover, and represented by the spectrum M O n . The natural map BO(2n) n → BO n covering the stabilisation map BO(2n) → BO provides a map of spectra
and on π 1 this gives a homomorphism s * :
The group π 1 (M T θ n ) is determined in terms of this as follows.
Theorem 6.1. There is an isomorphism
if n is 1, 3, or 7 Z/4 else for a certain homomorphism f .
Furthermore, the groups Ω n 2n+1 are related to the stable homotopy groups of spheres as follows: there is a homomorphism
given by considering a stably framed manifold as a manifold with BO n -structure, which is surjective and whose kernel is generated by the class of a certain homotopy sphere Σ 2n+1 Q
. In several cases it follows from work of Stolz that the class of Σ Q in Cok(J) is trivial-so ρ ′ is an isomorphism-but this is not known in general.
Combining the above with known calculations of Ω Let us outline the proof of Theorem 6.1 which was given in [GRW16] , as we shall need to refer to details of this argument in the following section. The argument combines methods from (stable) homotopy theory with Theorem 4.1 again. Starting with homotopy theory, we first let F denote the homotopy fibre of the map of spectra s : M T θ n → Σ −2n M O n , and construct a map Σ −2n SO/SO(2n) → F which can be shown to be n-connected, for example by computing its effect on homology. On the other hand SO/SO(2n) is (2n − 1)-connected, so by Freudenthal's suspension theorem the map is an isomorphism for n ≥ 2, and similarly for one homotopy group lower. It follows from a calculation of Paechter [Pae56] that π 2n+1 (SO/SO(2n)) is (Z/2) 2 if n is even and is Z/4 if n is odd, and also that π 2n (SO/SO(2n)) ∼ = Z. Putting the above together, we find an exact sequence The rightmost map is zero (as its domain is easily seen to be a torsion group). In the cases n ∈ {1, 3, 7} it can be shown that the images of CP 2 , HP 2 , and OP 2 under the leftmost map are non-zero modulo 2, so the leftmost map is surjective.
In the remaining cases one must show that the leftmost map is zero, and that the resulting short exact sequence is split, via a homomorphism f as in the statement of Theorem 6.1. At this point is is convenient to use the isomorphism Γ ∂ (W g,1 ) ab ∼ = π 1 (M T θ n ) for some g ≫ 0. The action of Γ ∂ (W g,1 ) on H n (W g,1 ; Z) respects the (−1) n -symmetric intersection form λ, and if n = 1, 3, or 7 then it also respects a certain quadratic refinement µ of this bilinear form. This yields a homomorphism Γ ∂ (W g,1 ) −→ Aut(H n (W g,1 ; Z), λ, µ).
These automorphism groups have been studied by other authors, and their abelianisations have been identified (for g ≫ 0) as (Z/2) 2 if n if even or Z/4 if n is odd. A careful analysis of the maps involved shows that the resulting homomorphism
if n is odd splits the short exact sequence arising from (6.1), as required.
Remark 6.2. The Pontryagin dual of the finite abelian group H 1 (M(W g,1 ); Z) calculated here is the torsion subgroup of H 2 (M(W g,1 ); Z). The torsion free quotient of the latter group has been analysed in detail by Krannich-Reinhold [KR18] . The (unknown, at present) order of the element [Σ Q ] ∈ Cok(J) 2n+1 arises there too.
6.2. Some non-simply-connected 6-manifolds. As a further example of the calculation of the abelianisation of mapping class groups, let G be a discrete group, and consider compact 6-manifolds W such that (i) a map τ W classifying the tangent bundle of W admits a lift ℓ W along θ : BSpin(6) × BG pr 1 −→ BSpin(6) −→ BO(6) such that ℓ W : W → BSpin(6) × BG is 3-connected, and (ii) (W, ∂W ) is 2-connected. Such manifolds exist if and only if BG satisfies Wall's finiteness condition (F 3 ): in this case W may be taken to be a regular neighbourhood of an embedding of a finite 3-skeleton of BG into R 6 . As examples of such manifolds, one may take
where M 3 is a closed oriented 3-manifold which is irreducible (so that π 2 (M ) = 0). Recall from Section 4.7 that the Hirsch length of a virtually polycyclic group is the number of infinite cyclic composition factors.
Theorem 6.3. Suppose that G is virtually polycyclic of Hirsch length h, and W is a 6-manifold satisfying (i) and (ii) above, of genus g(W ) ≥ 7 + h. Then there is a short exact sequence
which is (non-canonically) split.
This short exact sequence was first established by Friedrich [Fri18] , who also showed that it is split after inverting 2. We will give a different argument, which gives the splitting at the prime 2 as well.
The following three examples concern the manifolds W of construction (6.2) with M a 3-manifold having finite fundamental group, and g ≥ 7 so the hypotheses of Theorem 6.3 are satisfied.
and show that it is split. 6.2.2. The exact sequence. Specialising the construction in Section 6.1 to 2n = 6, we showed that there is a cofibration sequence of spectra (BG) −→ Z and by naturality the long exact sequence for G = {e} splits off of this one. As π 1 (M T Spin(6)) = 0 by Theorem 6.1, and Ω 6.2.5. The splitting for G = Z/p k or Z. If G = Z or G = Z/p k with p odd then H 7 (BG; Z/2) = 0 and so the short exact sequence becomes 0 −→ G −→ π 1 (E ∧ BG + ) −→ 0 −→ 0 which is certainly split.
For G = Z/2 k we must go to more trouble: in this case the short exact sequence becomes 0 −→ Z/2 k −→ π 1 (E ∧ BZ/2 k + ) −→ Z/2 −→ 0 (6.5)
